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^! This paper is based on a talk given at the conference "Representation theory 

C/^ I of real reductive groups" , Salt Lake City, July 2009. 

^ I We fix an algebraically closed field k of characteristic exponent p. (We assume, 

^ ■ except in §18, that either p = 1 or p ^ 0.) We also fix a symmetric space that is a 

I— i. triple (G, 6*, K) where G is a connected reductive algebraic group over k, 9 : G — > G 

! is an involution and K is the identity component of the fixed point set of 9 [K 

P~! I is a connected reductive algebraic group). We shall often write (G, K) instead of 

^ ; (G, 9, K). Let g = Lie (G), 6 = Lie {K), p = g/p. Note that K acts naturally on 

^3 ' P by the adjoint action. 

tt^. If if is a connected reductive algebraic group over k then H gives rise to a 

! symmetric space [H x H, H) where H is imbedded in if x if as the diagonal; here 

^ I 9{a, b) — {b, a). (Such a symmetric space is said to be diagonal.) 

•r:^ • In this paper we examine various properties / constructions which are known for 

^ ■ groups (or for diagonal symmetric spaces) and we do some experiments to see to 

^ . what extent they generalize to non-diagonal symmetric spaces. 
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16. Example: {S02n, S02n-i)- 

17. Example: {GL^,GL2 x GL2). 

18. Final comments. 

1. Notation. Let B be the variety of Borel subgroups of G. 

An element x G p is said to be nilpotent if the closure of the i^T-orbit of x 
in p contains 0. Let N be the set of nilpotent elements in p (a closed K-stable 
subvariety of p). 

Let I be a prime number invertible in k and let Q/ be an algebraic closure of Q/. 
Let ~ : Q/ — > be the involution obtained by transporting complex conjugation 
under some field isomorphism — * C 

We denote by Fg a finite field with q elements; F^ denotes an algebraic closure 
of Yq-, if) -.Yq — > Q;* denotes a fixed nontrivial character. 

For a finite set X, we denote by |X| the cardinal of X. 

In the remainder of this subsection we assume that k = Fg. For an algebraic 
variety X over k let 'D{X) be the bounded derived category of constructible Qr 
sheaves on X . li f : X — > k is a morphism let C j be the inverse image under / of 
the Artin-Schreier local system on k defined by /. 

Let V be an n-dimensional vector space over k and let V* be is its dual. Let 
(, ) : F* X y — > k be the canonical pairing. Then the local system Cq onV* xV 

is well defined. Consider the diagram V* ■<^V*xV where a and h is the first 
and second projection. If /C e V{V) we set ^{K) = a\{h*{lC) (g) >C(,))[n] e V{V*) 
(Deligne-Fourier transform). If V is endowed with a nondegenerate symmetric 
bilinear form then we can use this to identify V and V* and to regard 5^(/C) as an 
object oiV{V). 

2. Almost diagonal symmetric spaces. Let Z be the centre of G. Let 
{G,9,K) be the symmetric space such that G = GjZ and 9 : G — > G is the 
involution induced by 9. We say that {G, 9, K) is almost diagonal (resp. quasi- 
split) if for any involution 9' : G ^ G such that 9, 9' induce the same involution of 
the Weyl group of G we have dim(K) > dim(K') (resp. dim(K) < dim(K')); here 
K' is the identity component of the fixed point set of 9' . We say that (G, 6*, K) 
is almost diagonal (resp. quasi-split) if (G, 9, K) is almost diagonal (resp. quasi- 
split). 

For example, if (G, K) is diagonal then it is almost diagonal and quasi-split. In 
addition, 

(a) (GL2n, Sp2n)-: 

(b) (S'02n,^02n-l),(n>2), 

(C) (i?6,i^4) 

are almost diagonal. Also, (G, G) is almost diagonal. 

We say that (G, K) is of equal rank if G, K contain a common maximal torus. 
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3. A generalization of Schur's lemma. In this subsection we assume that 
k = Fq and that we are given an F^-rational structure on G compatible with 
6. Then the finite groups G{Yq),K{Yq) are well defined. For any irreducible 
representation p of G{Fq) over C let po be the space of i^(Fq)-invariant vectors 
in p. If (G, K) — [H X H, H) is diagonal and the Fg-structure on G comes from 
an Fg-structure on H then dimpo G {0, 1}- Indeed we have p = p' M p" where 
p', p" are irreducible representations of H{Yq) and the claim follows from Schur's 
lemma for H{Fq). If (G, K) is as in 2(a) then again dimpo G {0, 1} (see [BKS]); if 
{G,K) is as in 2(b), 2(c) then dimpo G {0,1} (R. Lawther). For general {G,K), 
it is not true that dimpo G {0, 1}; but one can show that dimpo < c where c is a 
constant depending only on (G, K) not on g or p (see [L3]). Hence the algebra of 
double cosets C[K{Yq)\G{¥q)/K{Yq)] is a direct sum of matrix algebras of sizes 
< c. 

4. Elliptic curves arising from a symmetric space. Let O, O' be two K- 
orbits on B and let gK &G/K. Following [Gi] we consider the subvariety Or\gO' 
of B. This clearly depends only on the coset gK. (In the case where (G, K) is 
diagonal, the variety O H gO' is a special case of a variety which appears in [LI, 
2.5].) We will give an example (which I have found around 1990) where 0{~\gO' is 
an elliptic curve with finitely many points removed. Let F be a 3-dimensional k- 
vector space with a fixed nondegenerate symmetric bilinear form (, ). Let SOiV) be 
the corresponding special orthogonal group. We take {G,K) = {GL(V), SO{V)). 
For any subspace V of V we set V'-^ = {x e V; (x, V) = 0}. Let Q be the set 
of lines L in V such that L C L-*-. Let Q' be the set of planes P in y such that 

C P. We identify B with the set of pairs L, P where L is a line in V, P is a 
plane in V and L C P. There are four JC-orbits on B: 

Oo = {L,P;L G P,L e Q,P e Q'}, Oi = {L,P;L G P,L e Q,P ^ Q'}, 
02 = {L,P;LC P,L^Q,P e Q'}, 03^{L,P;LcP,L(^Q,P^ Q'}. 
The closure of Oi is d = {L, P; L C P, L G Q}. The closure of O2 is O2 = 
{L, P; L C P,Pe Q'}. We can find g G GL{V) such that the quadrics Q, gQ in 
the projective plane are in general position that is Q H gQ consists of four distinct 
points. Let E = Oi n gd2 = {L, P; L G P, L e Q, P e gQ'}. The non-singular 
surfaces {L, P;L G P,L & Q}, {L, P; L G P, P & gQ'} in B intersect transversally 
hence E is a non-singular curve in B. For any L G Q let Fl be the fibre of the 
first projection E — > Q. Now Fl may be identified with the set of tangents to 
the quadric gQ passing through L. It consists of two elements if L is not one of 
the four points in Q n gQ and is a single element otherwise. Thus is a double 
covering of the projective line Q branched at four points. Hence E is an elliptic 
curve. Let E^j = OiD gOj {ij G [0,3]). We have 

E = Eqq U £^02 U -^'lo U E12. 
We have 

Eoo = {L,P-LGP,LeQngQ,P eQ' n gQ'} = 0. 
(If L is one of the four elements of Q D gQ and P is one of the four elements of 
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Q' n gQ' then LgLP.) We have 

Eq2 = {L,P;LGP,LeQ,L^gQ,PeQ'r\ gQ'} 
= {L,P;LcP,LeQ,PeQ'n gQ'}. 

Now for any of the four elements P E Q' H gQ' there is a unique L E Q such that 
L C P. Hence £^02 consists of four points. Similarly, £'10 consists of four points. It 
follows that £^12 = E — {EiQ U £^02) is an elliptic curve with eight points removed. 

Note that if (G, K) is diagonal then the variety O fl gO' (with gK e G/K) can 
never be an elliptic curve with finitely many points removed. 

5. Dimension of a nilpotent orbit. If (G, K) is diagonal, any £r-orbit in M 
has even dimension. The same holds if (G, K) is almost diagonal, but not in the 
general case. 

Consider for example a k-vector space V of dimension N > A with a fixed non- 
degenerate symmetric bilinear form (, ) and let U he a codimension one subspace 
of V such that (, ) is nondcgenerate when restricted to U. Let SO{V), SO{U) 
be the corresponding special orthogonal groups. We have an obvious imbedding 
SO{U) C SO{V) which makes {SO{V), SO{U)) into a symmetric space. In this 
case p may be identified with U with the obvious action of SO{U). We have 
A/" = {x e [/; (x, x) = 0}. This is the union of two SO{U)-orhits {0} and A/" - {0}. 
Note that dim(A/"— {0}) = A^ — 2 is even precisely when N is even that is, precisely 
when {SO{V), SO{U)) is almost diagonal. 

6. Some intersection cohomology sheaves. Let C be a i^-orbit in Let 
IC{C, Qi) e l^ip) be the intersection cohomology complex of the closure C* of G 
with coefficients in Q;, extended by on p — G. Let WIC{C, Q;) be the z-th 
cohomology sheaf of IC{C, Q/) and let Hl.IC{C, Qi) be its stalk at a; e p. 

Assume for example that (G, K) = iSO{V), SO{U)), with V, U, N as in §5. Let 
G = A/" - {0}. Then G = A/". Moreover: 

(a) If N is even > 4 then /G(G, Q,) = Qi- 

(b) If N is odd > 3 then n°IC{C\ Qi) = Q,, dimTif -3/G(G, Qi) is 1 if a; = 
and is if a; e p - {0}; WIC{C, Qi) = if i ^ 0, N - 3. 

Now let {G,K) = {GL{V' x V"),GL{V') x GL{V")) where V',V" are k- 
vector spaces of dimension 2. In this case we may identify p with Hom(y , V") x 
Hom(y', V) with the obvious action of K. Let Gi C p be the set of pairs A, B 
where A e Hom(V',V"):^ e Hom(V", are such that ker^ = B{V") is 1- 
dimensional and ker B = AiV') is one dimensional. Note that Gi is a K-orbit in J\f 
of dimension 4. Moreover Gi is the set of pairs ^, B where A E Hom(y , V"), B E 
Hom(y', V) are such that A and B are singular and AB = 0, BA = 0. We have 

(c) n^IC{CuQi) = Qi, dimnllC{Ci,Qi) is 2 if x = and is if x e p-{0}; 
WIC{Ci,Qi) = if i ^ 0,2. 

7. Generalization of a theorem of Steinberg. In this subsection we assume 
that k = Fq. Assume also that we are given an F^-rational structure on G 
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compatible with 6. Then p and H have a natural Fg-structure. Steinberg [S] has 
shown that if (G, K) is diagonal, then the number of elements in jV(Fq) is an even 
power of q. The same holds if {G, K) is almost diagonal, but not in the general 
case. 

For example, if {G,K) is as in 2(a) then \J\f{Fq)\ — g^" (Assume for 

simplicity that G is Fg-split. The K(Fg)-orbits in A/'(Fg) are indexed by the 
partitions of n in such a way that the stabilizer in K{Fq) of an element in A/'(Fq) 
has cardinal equal to the cardinal of the stabilizer in GL^iYq) of a unipotent 
element of the corresponding type (with q replaced by q^), see [BKS]. Hence the 
desired equality follows from the corresponding equality in the diagonal case.) 

If V, U, (, ), N are as in §5 with V, U, () defined over F^ and (G, K) = {SO{V), SO{U))^ 
then \^^iFg)\ is equal to q^'^ if N is even and to q^'^ ± (^(^-i)/^ - g(^-3)/2) 
if N is odd. Note that {SO{V), SO{U)) is almost diagonal precisely when N is 
even. 

8. 5'-thin, nilpotent orbits. In this subsection we assume that k = F^. 
Let C be a X-orbit in A/". Then the Deligne-Fourier transform ^{IC{C,Qi)) G 
'D(p) is up to shift a simple perverse sheaf on p. (We can choose a i^-invariant 
non-degenerate symmetric bilinear form on p.) 

We say that C is ^-thin if the support of ^{IC{C, Qi)) is contained in J\f (hence 
is the closure of a single K-orbit in jV, by the finiteness of the number of K-orbits 
in J\f). We say that C is ^-thick if the support of ^{IC{C, Q/)) is equal to p (hence 
'^{IC{C, Qz)) restricted to some open dense subset of p is up to shift an irreducible 
local system). 

Note that the K-orbit is always 5^-thick. The statement that 

"any K-orbit in J\f is S'-thick" 
is true if (G, K) is diagonal. It is also true if (G, K) is as in 2(a) (see §14) and if 
(G, K) is as in 2(b) (in this last case this follows from the computations in §12). 
It is however false for general (G, K). 

For example if (G, K) = {SOiV), SO{U)) with V, U, N as in §5, N odd, and if 
C = Af — {0} then G is not 5'-thick but 5^-thin (this follows from the computations 
in §12). 

If {G,K) = {GL{V' X V"),GL{V') x GL{V")) and Gi are as in §6 then Gi 
is 5'-thick (this follows from the computations in §13) but no i^-orbit in J\f other 
than and Gi is i5^-thick. 

From these and other examples it appears that, ^-thin K-orbits in J\f can exist 
only if (G, K) is of equal rank. 

9. ^-thin nilpotent orbits and affine canonical bases. In this subsection 
we assume that (G, K) = {GL{V' x V"),GL{V') x GL{V")) where V',V" are 
k- vector spaces of dimension N' , N" . In this case we may identify p with E := 
Hom(y , V") X Hom(y', V) with the obvious action of K. 

Now N consists of all (A, B) e E such that AB : V" V" and BA:V' ^ V 
are nilpotent. We describe the classification of K-orbits in M. This is the same 
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as the (known) classification of isomorphism classes of nilpotent representations 
of fixed degree of a cyclic quiver with 2 vertices. Let V = {1,-1} x Z>o. For 

{r,m) E V we define gr,m G N x N by gi^.m = {m/2,m/2) if m is even, Qr^m — 
((m + r)/2, (m — r)/2) if m is odd. Let V = Vn',n" be the set of maps a : V N 
such that a has finite support and X](r m)6-p ^(^' = {N',N"). For a E V 
let A/'cr be the set of all {A, B) E E with the following property: there exists direct 
sum decompositions V = ©I^^F/, V" — (Bf^iV" such that 
AV^ C F/', BV{' C F/, dim(F/ © F/') = mf, 

the linear map Tj : © F/' ^ © V/' , (^', ^ (S^", A^') is nilpotent with 
a single Jordan block; set Vi = 1 if Tp~^V' ^ 0, r, = ~1 if Tp~^V" + 0; 

for any (r, m) G P, the number of i G [1, s\ such that (rj, mj) = (r, m) is equal 
to (j(r, m). 

Then (A/'cr)^^^ are precisely the JC-orbits on jV. 

Let be the set of all u e 'P such that for any m > 1 we have either (t(1, m) =0 
or cr(— 1, m) = 0. 

In the remainder of this subsection we assume that k = F^. We show: 

(a) If a eV^ then the K-orbit Af^ is ^-thin. 
The proof is based on the theory of (affine) canonical bases. From [L4, 5.9] we see 
that /C = IC{N'a-i Qi) is (up to shift) an element of the canonical basis attached to 
the cyclic quiver with 2 vertices. Using [L5, 10.2.3] we see that ^JC is (up to shift) 
also an element of the canonical basis attached to the same cyclic quiver with the 
opposite orientation. Using again [L4, 5.9] we see that = IC{Ma' ^ (up to 
shift) for a well defined a' E V (we use an isomorphism of the cyclic quiver with 
the one with opposed orientation). In particular the support of ^JC is contained 
in J\f. This proves (a) . 

We will show elsewhere that, conversely, if cr G 'P and Af^r is ^-thin, then a eV^. 

10. Character sheaves on p. In this subsection we assume that k = F^. 

A simple perverse sheaf on p is said to be orbital if it is i^-equivariant and its 
support is the closure of a single i^-orbit in A/". A simple perverse sheaf on p is 
said to be anti- orbital (or a character sheaf) if it is of the form ^{A) for some 
orbital simple perverse sheaf A on p. (These two definitions are identical to the 
definitions of an orbital or anti-orbital complex on q given in [L2].) For example, if 
C is an 5^-thin nilpotent JC-orbit in p then IC{C, Q/) is up to shift both an orbital 
and an antiorbital simple perverse sheaf. 

11. Computation of a Fourier transform. We set k = Fq. Let ?7 be a A;- 

vector space of dimension M > 3 with a fixed nondegenerate symmetric bilinear 
form {,) : U X U — > k. When M is even we set 5 = 1 if (, ) is split over k and 
5 = —1 otherwise. When M is odd we set 5 = 0. Define f : U — ^ Qz by f{x) = 
if (x, x) ^ 0, f{x) = 1 if (x, x) = 0, x ^ 0, fix) = 1 + dq^^'^^/^ if x = 0. 

Define f : U ^ Qi hy f(x) = q'^/'^ ^yeu'^ii^^y))f(y) ^or x E U (a Fourier 
transform). When M is odd we define a function ( : {x E U]{x,x) 7^ 0} — * {1,-1} 
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by C{x) = 1 if (, ) is split on te subspace {x' e U; {x,x') = 0} and ({x) = — 1 
otherwise. We show: 

(a) For M even we have f — f- 

(b) For M odd we have f{x) = ({x) if {x, x) ^ 0, f{x) = if {x, x) = 0, x ^ 0, 
f{x) = g(^-2)/2 if a; = 0. 

We have 

= g-^/2(g^-^ + 5{q^'^ - g(^-2)/2)) + ^g-i = g(M-2)/2 ^ ^_ 

Now assume that x G ?7— {0}, (x, x) = 0. We can find x' E U such that [x' , x') — 0, 
{x,x') = 1. Let [/' = {2 G U;{z,x) = 0,{z,x') = 0}. Any y e U such that 
(y, y) — can be written uniquely in the form y — ax+bx'+z where a,b & k, z & U' 
and 2ab + {z, z) — 0. We have 

(c) /(x) = g-^/2 m+sq-'. 

a,bek,z€U';2ab+{z,z)=0 

If 6 7^ and z E U' then a in the last sum is determined by a = —{z,z)/{2b). 
Hence 

fix) = ?-^/^ i^x^) + ^'""^^ E 1 + 

bek* aek,zeU';{z,z)=0 
= _^(M-4)/2 ^ ^-(M-2)/2(^M-3 ^ 5(^(M-2)/2 _ ^(M-4)/2)) ^ ^^-1 ^ g 

Since / i-^ / is an isometry, we have 



Y />)/>) = 5^ - 5] /(x)/>) 

xeU;(x,x)^0 xeU xeU;{x,x)=0 

^\{xeU; ,x) = 0, X ^ 0}| + (1 + 5g(^-2)/2)2 
- |{a; e U; {x,x) = 0,x^ 0}\6^ - (g(^-2)/2 + sf. 

This is if M is even hence in this case f{x) — for any x E U such that {x, x) ^ 0, 
proving (a). 

In the remainder of this subsection we assume that M is odd. Since / is 
invariant under the 0(U) x A;*-action on V (k* acts by homothety) the same 
holds for /. Hence there exists A, /U G Q/ such that f{x) = A if x G 
f{x) = |U if X G !)• We fix a 2-dimensional subspace R of U such that (, ) 

is nondegenerate, split on R. Let U' = {x E U; (x.R) = 0}. For any c E k* 
we can find x,x' E R such that {x,x) = c, {x',x') = 0, {x,x') = 1. Any y E U 
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such that {y,y) = can be written uniquely in the form y = ax + bx' + z where 
a,b e k, z e U' and a^c + 2ab + {z, z) = 0. We have 

fix)= Yl ^(ac+b). 

a,b€k,zeU';a^c+2ab+{z,z)=0 

Thus f{x) does not depend on x but only on c (and U'). We denote it by 0(c). 
If a 7^ and z & U' then b in the last sum is determined uniquely by 6 = 
-{a^c+ {z,z))/{2a). Hence 

0(c) = Yl ^iac-ia^c+iz,z))/i2a))+ Yl V'W 

aek*,z€U' b£k,z€U';{z,z)=0 

= Y mac-iz,z)a-')/2). 

aek*,zeU' 

We compute 

E = E E (V'(-(^,^)a-^)/2) E ^^^2)) 

= -E E^(-(^'^)«"')/2) = 

2;€t/' aek* 

- E (-1)- E (g-i) = (g^-g^-^)-g^-H?-i) = o. 

^e[/';(«,2:)7^0 «EJ7';(«,2)=0 

Note also that 0(c) depends only on the image of c in k*/k*'^. The last sequence 
of equalities shows that 0(c) = —(f){c') if c, c' e A;*, c'/c ^ A;*^. It follows that 
A = —fi. 

By a property of Fourier transform we have "^^eu f(^) ~ Q'^^^/(0) hence 
E..^;(.,.)^o/(^) = ^^/^ - ^^^-'^/^ that is 

AirHi)! +/^irH-i)i = ir'(i)i - ir'(-i)|. 

Since X= -fj, and |C"Hl)l - IC"^-!)! it follows that A = 1,// = -1. This 
proves (b). 

12. Another computation of a Fourier transform. We set k = Fq. Let 

V, V" be two A;-vector spaces of dimension 2. Let E = Hom(y , V")x}iom{V" , F')-l 

Let E° be the set of all {A; B) E E such that A and B are singular and AB = 0, 
BA = 0. (We write (A; B) instead of {A, B) to avoid confusion with an inner 
product.) Define a nondegenerate symmetric bilinear form [,) : E x E — > k by 
{{A; B), {A; B)) = tr(AS, V") + tr(Si, V). Define / : E ^ by /(A; B) = 1 
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if {A; B)eE° - {0; 0}, /(O; 0) = 1 + 2q, f{A; S) = if {A; B) e E - E°. Define 
f:E^Qihj 

f{A;B) = q-^ ^ mA;B),{A;B)))fiA;B). 

{A;B)eE 

(Fourier transform). 

Let Ers be the set of all {A; B) E E such that A and B are nonsingular and 
AB : V" V", BA:V' ^ V are regular semisimple. Define C ■ Ers ^ Ql by 
: S) = 1 if the two eigenvalues of AB (or BA) are in F*; ({A : B) = -1 if the 
two eigenvalues of AB (or BA) are not in F*. We show that for any {A;B) e E^s 
we have 

(a) f{A;B) = q-^aA-B). 

For {A : B) E E let fi{A : B) be the number of {L';L") where V is a line in 
V, L" is a fine in V" and BV" C L' C kerA, AF' C L" C kerS. This defines 
a function fi : E ^ Q,. Note that fi{A-B) = f{A;B) if (A; S) ^ (0; 0) and 
/i(0; 0) = (g + 1)2 = /(O; 0) + g2. Let fi : E ^ Qi be the Fourier transform of fi. 
For (1; B) e E we have 

A(i; 5) = J] V(tr(^5, F") + tr(Si, F')) 

L',L" {A;B); 

AV'dL" ,AL'=0, 
BV"CL',BL"=0 

where L' runs through the lines in V' and L" runs through the lines in V" . For 
fixed L', L", the set of (A; B) in the last sum is a /c-vector space of dimenion 2 
and (A, S) 1-^ tr(Ai?, V") + tr(SA, y ) is a linear form on this vector space which 
is zero if AL' C L", BL" C L' and is zero otherwise. Thus 

/i(i;B) = q-''\{L',L"-AL' C L",BL" C L'}|. 

Assume now that {A]B) e -Ers- The condition that AV C L", BL" C L' is 
equivalent to BAL' = L', 1l' = L" . Hence 

A(i; S) = q-^\{L'- BAL' = L'}\ = q-^dA; B) + 1). 

We have 

/(i; S) = A(i; S) - = g-\(i; S) 



and (a) is proved. 
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13. Computation of a Deligne-Fourier transform. The results in this sub- 
section were found around 1990. 

Let y be a k- vector space of dimension 2n with a fixed nondegenerate symplectic 
form (,) : V X y ^ k. Let 

E = {Te End(y); (T(a;),2/) = {x,T{y)) Wx,y e V}. 

The non-degenerate symmetric bihnear form (, ) : End(y) x End(F) k given 
by T, T' I— > tr (TT') remains nondegenerate when restricted to E. The symplectic 
group Sp{V) acts naturally on E, preserving (, ). Let E' be the set of all T ^ E 
such that T : F — > F is semisimple and any eigenspace of T is 2-dimensional. Note 
that E' is open dense in E. Let Eq be the set of all T e E such that T :V 
is nilpotent. Note that Eq is Sp{V)-stable and the set of 5'p(y)-orbits on Eq is in 
natural bijection with the set of partitions of n. (Any element of Eq has Jordan 
blocks of sizes ni, ni, n2, n2, . . . ,nt,nt where ni > n2 > • • • > is a partition of 
n.) 

Let F be the set of all flags 14 = (Vb C Fi C 1/^2 • • • C V2n) in V such that 
dim Vi = i, V2n-t = {x eV; (x, = 0} for aU i e [0, 2n]. For T e K e F we 
write T H 14 instead of TVi C Vi for all i. 

Let 14 e F. Let F^* ^ {T e E;T -I 14}. Let F^* = {T e Fo;T H 14}. We 
have: 

(a) E^* is exactly the orthogonal of Eq* with respect to {,) : E x E ^ k. 

If T G E^% T' e F^* then T14 C 14, T'14 C Vi-i for all i > 1. Hence T'TVi C 
14_i for all i so that tr(T'T) = and {T^T') = 0. Thus E^* is contained in the 
orthogonal of Eq* with respect to (, ) : F x F — > k. From the definitions we see 
that 

dimF^* + dimE^* = n'^ + {-n? -n) = 2-n? -n = dimE 
and (a) follows. 

Let E = {(T, 14) G F X F;T H 14}. Define tt : E ^ E hj {T, 14) ^ T. Let 
/C = TTiQi G ©(F). Let Eq = {(T, 14) G Fq x F; T H 14}- Define ttq : Fq ^ F by 
(T, 14) ^ T. Let /Co = noiQi G P(F). 

In the remainder of this subsection we assume that k = F^. We show: 

(b) 5(/Co) = /C[n]. 

Consider the diagram E <^ E x E ^ E where a (resp. b) is the first (resp. second) 
projection. By definition we have 

^(/Co) = a!(6*(7ro!Q/) >C(,))[2n2 - n]. 

We have 6*(7ro!Qi) = pi{Qi) where p : E x Eq ^ E x E is given by (T; (T', 14)) ^ 
(T; T') and 

5^(/Co) = ai{pi{Cf))[2n'^ - n] = p\Cf[2n^ - n] 
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where p = ap : ExEq ^ E and f : ExEq kis given by (T; (T', K)) ^ [T, T') . 
We have a partition ExEo = Z'UZ" where Z' = {(T; (T', K)) e £; x Eq; T H K}, 
Z" = {(T; (T', K)) e E X Eo;T V^}. Let p' : Z' ^ p" : Z" -> ^ be the 
restrictions of p; let f : Z' ^ k, /" : Z" ^ E x E he the restrictions of /. We 
have a distinguished triangle 

{p''Cf",pXf,p'Cf>) 

in P(^). We show that p\'Cf'' = 0. For each T G E the fibre Z^ of p" at T 
may be identified with {(T', T4) e Eo;T yf and it is enough to show that 
iyf(Z^; £/") = for aU T e and aU i. We can map Z^ to {K & F;T yi K} by 
(T', 14) ^ K. For each T e E andV* e such that T yf K let Z^ be the fibre 
of the last map at It is enough to show that Hl{ZlfyjCf") = for all T e 
K e ^ such that T yf K and all i. This follows from [L5, 8.1.13] since Z^ is a 
k- vector space and the restriction of /" to this vector space (that is T' i-^ {T,T')) 
is a nonzero linear form (see (a)). 

Thus we have P\Cf>i = 0. From the distinguished triangle above it follows 
that p\jCf = p\Cf/. From (a) we see that /' is identically zero. Hence jCf = 
Qi. Moreover p' factors as Z' ^ E ^ E where s(T; (T', K)) = {T,V^). Thus 
P\Cf = 7T\S\Cli. Note that s is a vector bundle; its fibre over (T, 14) may be 
identified with {T' G Eq]T' H V^}, a vector space of dimension — n. Hence 
s\Qi — Qz[— 2n^ + 2n] (we ignore the Tate twist). This proves (b). 

Let ^0 be the set of isomorphism classes of simple perverse sheaves on E which 
appear (possibly with a shift) as a direct summand of /Cq. Let A be the set of 
isomorphism classes of simple perverse sheaves on E which appear (possibly with 
a shift) as a direct summand of /C. From (b) we see that 

(c) ^ defines a bijection 

Let be the set of isomorphism classes of S'p(V)-equivariant simple perverse 
sheaves on E with support contained in Eq. Clearly 

(d) Ao C A'o. 

Let n' : ir~^{E') — > E' be the restriction of tt. Let A' be the set of isomorphism 
classes of simple perverse sheaves on E which appear (possibly with a shift) as a 
direct summand of 7r(Q/. Clearly we have a natural injective map 

(e) A' -^A. 

From (c),(d),(e) we see that 

(f) l^'l < 1^1 = \Ao\ < l^'ol- 

Now tt' is a composition 7r~^(£") — > E" — > E' where E" is the set of pairs (T, a;) 
where T & E' and u is an indexing -^^^(i), E^{2)^ • • • 7 -E^a;(n) of the eigenspaces of T 
by [1, n] ; a is defined by (T, a;) 1— > T; r is given by (T, I4) 1— > (T, a;) with uj defined 
as follows: for i G [1, n] we have Vi — Li + L2 + ■ ■ ■ + Li where Li, L2, . . . Lj 
are lines in -^^^(i), -£'^(2)5 • • ■ 7 -E'tj(i) respectively. Note that r is a fibre bundle with 
fibres isomorphic to a product of n projective lines. Moreover o" is a finite principal 
covering with group S'„, the symmetric group in n letters. It follows that r(Qi) 
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is a direct sum of shifts of Q^. Hence the objects of ^ are (up to shift) the same 
as the direct summands of criQ/. Now E" is irreducible (since E' is so). It follows 
that the direct summands of criQ/ (up to shift and isomorphism) are in natural 
bijection with the irreducible representations of Sn (up to isomorphism). Thus, 
|«4.'| = the number of partitions of n. Now the objects of Aq are in bijection with 
the 5'p(F)-orbits on Eq (the stabilizer in Spiy^ of an element in £'0 is connected). 
Hence |^q| = pn- Using now (f) we see that |^'| = |^| = |^o| = l^ol = Vn- In 
particular wc see that any object in is in ^0, any object in A has support equal 
to E and 5^ defines a bijection between and A. Thus, 

(g) if A is an S'p(y)-equivariant simple perverse sheaf on E with support con- 
tained in Eq^ then 5^(A) has support equal to E. 

14. Nilpotent i^-orbits and conjugacy classes in a Weyl group. In this 
subsection we assume that p — \. We show how the construction of [KL, 9.1] 
extends to the case of symmetric spaces. 

We identify p with {x G g; Q{x) = —x} in the obvious way. Let T be the set 
of subspaces t of p such that for some torus T in G the Lie algebra of T equals 
t and such that t has maximum possible dimension. It is known that K acts 
transitively on T by conjugation. For t G T let W be the group of components of 
the normalizer of t in K. Let VV be the set of conjugay classes in the finite group 
W; this is independent of the choice of t. 

Let $ = k((e)), (p = k[[e]] where e is an indeterminate. Let 0$ = $ p, 
p$ = $ (g) p, p0 = (g) p. Also, the groups G($), K(<I>) are well defined and the set 
T($) of $-points of T is well defined (it is a set of subspaces of p$). 

The group K($) acts naturally by conjugation on T($); as in [KL, §1, Lemma 
2] we see that the set of K(^»)-orbits on T(^») is naturally in 1 — 1 correspondence 
with the set VV. For 7 G VV let be the i^($)-orbit on T($) corresponding to 
7- 

Let p$,rs be the set of all ^ G p$ for which there is a unique t' G T($) such 
that ^ G t'; we then set = t'. For 7 G VV let p^,rs,j be the set of all ^ G p*,rs 
such that i'^ E Oj. 

Let X G Af. As in [KL, 9.1] there is a unique element 7 G W such that the 
following holds: there exists a "Zariski open dense" subset V of x + ep<^ (a subset 
of P0) such that V C p$,rs,7- We set \l/(x) = 7. Now \1/ is a map A/" — * VV. This 
map is constant on X-orbits hence it defines a map from the set of X-orbits on J\f 
to VV denoted again by (In the case where (G, K) = {H x H, H) is diagonal, 
^ reduces to the map defined in [KL, 9.1].) 

If (G, K) is diagonal then \1/ is expected to be injective (this is known to be 
true in almost all cases). If {G,K) is as in 2(a) then \1/ is bijcctive (see §15). If 
{G,K) is as in 2(b) then \E' is bijective (see §16). For general {G,K), ^' is neither 
injective nor surjective (see §17). 

15. Example: {GL2n, Sp2n)- In this subsection we assume that {G,K) = 
(GL(V), Sp{V)) with k = C and we keep the notation of §13. Let $, (f) be as in 
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§14. Let ^ be an algebraic closure of Define v : $ — > QU{oo} by v{0) ~ oo and 
■i;(aoi;-^ + higher powers of v) = / if ao G C*, / e Q. Let = (^®E,E^ = 4>®E, 
= ^ ®V. Let E'^ be the set of all T e such that T defines a semisimple 
endomorphism of whose eigenspaces are all 2-dimensional. For any conjugacy 
class a in the symmetric group in n letters let i?^ ^ be the set of all T G i?^ such 
that, if the eigenvalues of T are denoted by Ai = A2, A3 = A4, . . . , A2n-i = ^211 
(elements of C((e^/^)) for some N >1) then the element 7 of Gal(C((ei/^))/$) 
which maps e^/^ to exp(27rv/^/A^)e^/^ permutes A2, A4, . . . , A2n according to a 
permutation in a. Note that i?^ = U^i?^ ^■ 

Let X & Eq. Recall that x : V ^ V has Jordan blocks of sizes 

ni, 77,1, 77,2, 77,2, .. .,nt,nt 

where tii > 712 > • • • > ti^ is a partition of n. The following statement is easily 
verified (it can be reduced to the case where t = 1). 

(a) There exists J e E such that x + e J : V^, — > V$ has eigenvalues 

exp(27r\/^s/77i)aie^/"* G $ 
{i = 1, 2, . . . , 2t, s = 1,2,..., Hi) where 02, 04, ... , a2t are distinct in C and ai = 
0'2, as — a^, ... , a2t-i = ci2t- In particular we have x + eJ & E'^. 

Now let X = Xo + eXi + 6^X2 H E E^ where Xq, Xi, . . . are in E. Let 

X = X + eX G E(f). Let Ai, A2, . . . , A2n be the eigenvalues of x in $. We can 
assume that Ai = A2,A3 = A4,...,A2n-i = ^271 and v{X2) < v{X4) < ••• < 
f(A2n)- Let yUi, //2, • • • , /^2n be the eigenvalues of x + eJ. We can assume that 
A*! = /i2, A*3 = /i4, • • • , /i2n-i = At2n and v{ii2) < v{ii4:) < • • < v{fj,2n)- Applying 
[KL, 9.4] we have v(Ai A2 . . . As) > v{ii\ii2 ■ ■ ■ A*s) for s = 1, 2, . . . , 27i. Using this 
for s = 2, 4, . . . , 271 — 2 and adding the resulting inequalities we deduce 

„,(^2n-2^2n-4: x2 N ^ / 2n-2 2n-4 2 N 

V[A2 ^^4 • • ■ ^2n-2J ^ ^1/^2 /^4 ■ ■ ■ ^2n-2) 

hence 

vixr'xr' ■ ■ ■ aL-2) > ^(^r V4-' • • • ^L-2)- 

For any z G Ei^ we denote by G(z) G $ the trace of the (4n^ — 4n)-th exterior 
power of ad(;2) : End(]4) ^ End(]4). We have e(x) = ]\l<i^j<S^2^ - X2jf . 
Note that 

^;(e(x)) = 8 J]^;(A2i - A2,) > 8 5^t;(A2i) 

= 9>v{xr'xr^ . . . AL-2) > ^H/i2 " vr' • • • ^L-2) 

= 8 ^ w(//2i) = 8 ^ w(/i2i - /i2j) = vQ{x + eJ). 

Moreover if vQ{x) = vQ{x + eJ) then v{X2i — X2j) = v{X2i) for all z < j in [l,n] 
and t'(AiA2 . . . As) = f (//1/X2 . . . /is) for s = 2, 4, . . . , 2?7 — 2 hence f (A?) = v{iJ,f) 
that is, f (Ai) = v{iJ,i) for z = 2, 4, . . . , 27i — 2. 
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Let S be the set of all x in x + eE^ such that v{Q{x)) = f (6(a; + eJ)). Then 
5 7^ (it contains x + eJ) and is "Zariski open" in a; + e£'<^. Let x & S and let 
Ai, . . . , be as above. We have 

(b) 'i;(Ai) = v{\2) = ■■■ = v{X2nJ = l/ni, 

v{X2ni + l = v{X2ni+2) = ■ ■■ = ^H-^2ni+2n2) = 1/^2, etC. 

except that when rit = 1, v{X2n ~ 1) = v{X2n) is an integer (or oo) not necessarily- 
equal to v{ji2n)- As in [KL, p. 156] we see that 

v{Xi) = 1/m ^ Ke C[[ei/"^]]. 

(In [KL, p. 156] lines —7, —8 one should replace "t not divisible by m" by "t not a 
divisor of m".) This and (b) implies that x e E'^^^ where a contains a product of 
disjoint cycles of length ni, 77-2, . . . , n^. Thus we have S C E'^ ^. We see that the 
map in §14 is bijective in this case. 

16. Example: {S02ni S02n-i)' In this subsection we assume that k = C and 
that (G, K) = {SO{V), SO{U)) with V, U, (, ) as in §5 and with dim{U) odd. Let 

0, V be as in §15. Let = = 4>®U , = ^^U. Let be the set 

of all x E such that (x, x) 7^ 0. Let ^ (resp. _^) be the set of all x G 
such that v{{x, x)) e 2Z (resp. v{{x, x)) e 2Z + 1. We have = U U^_i. 

Let Uq = {x E U; {x, x) = 0}. Let x e Uq. Let X = + etti + e^tti H E 

where uo,ui, . . . are in U. We have 

(x + eX, a; + eX) = 2(x, tto)e + (2(x, tti) + {uq, wo))^^ + ae"^ 
with a E (f). If X = let 5 be the set of all x + eX (with X varying as above) such 
that {uq, Uq) ^ 0. 

If X E Uq — {0} let S be the set of all x + eX (with X varying as above) such 
that (XjUq) 7^ 0. In any case 5 is a nonempty "Zarisky open" subset of a; + et/<^. 
If x = we have S C ^. If x E Uq — {0} we have S C 

We see that the map in §14 is bijective in this case. 

17. Example: {GL4JGL2 x GL2). In this subsection we assume that {G,K) = 
{GL{V' X V"), GL{V') X GL{V")) where y', are k-vector spaces of dimension 2 
and k = C. We may identify p with Hom(y , V") x E.om{V" , V) with the obvious 
action of K. Let 0, ^, v be as in §15. Let = ^<SiV', = ^<^V'. In our case 
p^^rs consists of all {A, B) E Hom(V^, V^) x Hom(V^', V^) such that AB : 

is a regular semisimple automorphism (or equivalently, BA : — > is a 
regular semisimple automorphism). The group W in §14 is in our case a dihedral 
group of order 8; hence VV has five elements, say 71, 72, 73, 74, 75- We describe the 
corresponding partition p$,rs = LJjg[i^5]p$,rs,7j ■ 

P^,rs,-yj consists of all {A, B) E p^.,rs such that the eigenvalues A, ji of AB in $ 
satisfy the following condition: 

j = 1: A G ;U G v{X) E 2Z, v{y) E 2Z. 

J = 2: A G // G $, v{X) G 2Z + 1, i;(/x) G 2Z + 1. 

j = 3: A G /X G -y^A) G 2Z, t;(^) G 2Z + 1. 
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j = 4: v{X) e (1/2) + Z, v{i^) e (1/2) + Z. 

j = 5: X^^,/!^^, v{X) e Z, v{ii) e Z. 
Let ci, 62 be a basis of V; let 63, 64 be a basis of F". The following elements form 
a set of representatives for the i^T-orbits on J\f. 





Ci 1— > 


64, 62 ^ 


^ 63,63 


t-^ 0, 64 


^ 62 


N2 


61 H- > 


0,62 ^ 


64, 63 H 


62, 64 


1— 61 




61 1— > 


64, 62 1- 


^ 0, 63 H 


-> 0, 64 H 


62; 


N4 


61 1— > 


0, 62 ^ 


64, 63 H 


-> 0, 64 H 


61; 


N5 


61 1-^ 


64, 62 ^ 


63, 63 


1— s> 0, 64 


^0; 


Ne 


61 1-^ 


0,62 ^ 


0,63 h- 


> 62, 64 h 


61; 


Nr 


61 1— > 


64, 62 ^ 


* 0, 63 H 


62, 64 


^0; 


Ns 


61 1— > 


64, 62 1- 


^ 0, 63 H 


-> 0, 64 H 


-^0; 




61 1-^ 


0, 62 ^ 


0,63 1- 


> 61, 64 H 






= 0. 











For i G [1, 10] we consider (A^, S^) = A^^ + where ^ G p<^ is given by 

61 I— >• a63 + 664, 62 I— > 663 + de^, 63 I— > X61 + 1/62, 64 I— > 2;6i + U62 
and a, b, c, d, x, y, z,uEl (j). Define ao, 605 cq, rfo, ^^o, yo-, zq, £ C to be the constant 
terms of a, 6, e, c?, x, y, 2;, tt. The characteristic polynomial Pi of is given by 

Pi = X2 - 0(e)X + exo + 0{e^)] 

P2 = X2 - C>(e)X + eao + ©(e^); 

P3 = - (6(;2o + c^o) + 0{^))X + e^coxo + ^(e^); 

P4 = X2 - (e(6o + uo) + 0(e2))X + e^aoyo + 0(e3); 

P5 = - (ef-^o + yo) + + e^{-XQUQ + yo-^o) + ^(e^); 

Pe = - (e(&o + 60) + 0{e^))X + e2(-aorfo + ^>o6o) + 0(e3); 

P7 = X2 - (e(^o + 60) + 0(e2))X + e^co^o + ^(e^); 

Pg = X2 - (e^o + 0{e^))X + e3co(a;o^^o - 2/0^0) + ^(e^); 

P9 = X2 - (eao + 0{t'))X + e3«o(aodo - ^>o6o) + ^(e^); 

Pio = - (e^(aoa;o + 602:0 + cqUo + c?o«o) + 0(e^))X + €^^(00^0 - 6o6o)(iCo«o - 
yo^o) + 0(e5), 

where 0{e^) denotes an element of e™0. We see that: 
if xo ^ then iVi + G p$,rs,74; 
if ao 7^ then iV2 + G p$,rs,74; 

if eoa;o((2;o + c^o)^ - 4eoa;o) 7^ 0, then A^3 + G p$,rs,72; 

if aoyo((6o + ^^o)^ - 4aQyo) ^ 0, then iV4 + G p$,rs,72; 

if {xqUq - yo^o)((^o - yoY + 4a;o'Uo) 7^ 0, then iVs + G p$,rs,72; 

if (aodo - 6oeo)((6o - co)^ + 4ao(io) 7^ 0, then iVe + G p$,rs,72; 

if eo;2o(-2o - eo) 7^ then A^y + G p«.,rs,72; 

if cqZq{xoUo - yozo) 7^ then Ns + e p$,rs,73; 

if aoUo{aodo - boco) 7^ then iVg + G p$,rs,73; 

if {aodo - boCo){xoUQ - yoZo) ^ and 

(ao^o + 6o2;o + cqVq + doUoY - 4(aocZo - &o6o)(a;o^fo - VoZq) 7^ 0, 
then A^io + G p4.,rs,7i- 
Thus we have 
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*(iVi) = ^'(iV2)=74, 

*(iV3) = *(iV4) = *(iV5) = ^{Ne) = ^{Nr) = 72, 
^(iVg) = ^(Nq) = 73, 
*(A^io) = 71- 

18. Final comments. We want to define the notion of symmetric space without 
any assumption on p. Let G be a connected reductive group over k and let K be 
a closed connected reductive subgroup of G. For simplicity we assume that G, K 
contain a common maximal torus T. (A similar definition can be given without this 
assumption.) We have inclusions Rk C Rq C X{T) where X{T) is the character 
group of T and Rk (resp. Rq) is the set of roots of K (resp. G). We say that 
{G,K) is a symmetric space (of equal rank) if the inclusions Rk C Rg C X{T) 
are the same as the corresponding inclusions for a symmetric space of equal rank 
in characteristic 0. Thus K does not necessarily come from an involution of G. 
For example if p = 2 we can take G of type Eg and K a subgroup of type Dg 
(such a subgroup exists but it is not the fixed point set of an involution of G) . It 
would be interesting to see how many of the basic properties of symmetric spaces 
in characteristic extend to this more general case (including the case p — 2). 
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